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EQUAL RATE OF RETURNS UNDER THE
OBJECTIVE DEMAND FUNCTION*

Suezo Ishizawa

I Introduction

This paper is concerned with the existence of the equal rate of returns within same in-
dustry under the objective demand function. Nikaido< 4 >is the first, to my best knowledge,
who constructed the objective demand function to analyse the mutual interdependence of
the economic agents in non-cooperative, monopolistic competition.

In the traditional analysis for monopolistic competition, monopolists are assumed to have
their own subjective demand functions in their minds and make their optimal plannings
based on the functions. Whatever demand functions in subjective base they might have and
make their plannings, their intentions would not be realized if the planned outputs are not
sold out with the incomes that economic agents earn by participating in the plannings. The
objective demand function forming a striking contrast to the perceived or subjective demand
functions is the one on which the demand have consistent income backgrounds, in other
words, each demand for goods on the curve is effective one coming from the incomes o[
the agents in the national economy? (see equation (12)).

We carry out our analysis in the leontief type economy as done in Nikaido’s but our
economy differs from his in these respects that we have a finite number of potential firms
within every industry (see A. I) and that those potential’ firms are, furthermore, assumed
to be able to survive in the price competition (see A. IV).

We show within this framework with some other assumptions the existence of the
relative shares which yield the equal rate of returns rather than the equal expected profits
among those potential firms belonging to same industry.

II Assumptions & Notations

T;={1, -, ¢} :a set of finite number of potential firms in industry j.

a;;(c5), L;i(z;) (z;€Ty, 4,7=1,-,n)
be input coefficient and labor input of firm z;(z;€7T;), respectively. az,(r]) is the amount of
good necessary for a unit production of good j, which is assumed nonnegative and constant,
aij(fj)_zo (Tje Tj, 5,j=1, -, n).
Labor input is always indispensable, so that
Zj<7j>>0 (rjET]" ]:1’ ) ﬂ).
Let, further, z;(z;)=0 (r;€Ty, j=1,-,n)
be the expected profit per unit output of the firm ;.
There is no joint production; so that any firm ¢;(€7;) produces only one good j(j=1,
-+, m), employing the current material inputs a;;(z;) (i=1,---,n) and labor input /;(z;).

* 1 wish to thank Prof. S. Nakamoto of Ryutsu Keizai Univ. for improving my English.
The remaining inelegancies are of course mine.
1) A prominent work based on the subjective demand functions is Negishi’s<3>.
One of the defects, however, in adopting such demand functions for the analysis of monopolistic competition
is to assume that ever monopolistic firm perceives the actual correct demand, though not necessarlly the true
demand function (see pp. 157-8. Arrow-Hahn<1>).
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A IL

The number of potential firms, in general, varies over industries; we assume, however,
for simplicity, they are the same for all industries. Let us suppose there are m such firms
in every industry. If S denotes a set of firms the j-th entry of which is an element of the
set T}, then we have m such finite disjoint set—Ilet it be (S,, -+, Sn); in other words each
firm of every industry must be an element of one and only one such set.?

A. II1.
A is a mxn input coefficients matrix whose i-th column is the input coefficients of the
firm which is the i-th element of set Si. The same applies to the labor input vector

I,(eR™) and the expected profit vector =x(€R%).» Each Ai(k=1,---,m) is productive and
furthermore indecomposable when necessary.*

A. 1V,

All the potential firms are equally competitive; when some firm in an industry tries to
monopolize the supply of the good by pushing down its price of the good—this is done
through setting lower expected profit than before—, other firms in the industry can remain
in the markets and continue their productions without incurring any loss. Suppose, for ex-
ample, all the firms in the set S, try to drive out all the other firms by keeping their
expected profit z,=0, other firms then in this situation can operate their production with
zero profit. Let ¢ be the price when z,=0, the assumption says that

o=cA,+1; H»
implies
g=0A;+1; (=2, -, m).

AL V.
Both laborers and capitalists spend all their incomes on purchase of the commodities. Let
us denote the intended demands for commodities of laborers and capitalists by F(p, 1)

(eR™) and G(p; I,,,I,) (ER™) respectively; when /; is the expected incomes of the

capitalists of industry .
Capitalists receive their incomes from the profits they gain in their productions; they
will be, as a whole,

2) 1If tje Ty, there is some Sy such that

the j-th element
and

(k% 7j %ex) & Sy for VSjxSk.
3) Suppose
Sk=(t1, 72,0+, T4y, Tn) (FjE€TH, j=1,-+, n). Apr, Iy and =y are then given by

AkE<an(Tl)“". ........ dln(f'ﬂ)>

=) In(Tnd)
= (7f1(71) o)),

4) A nxn Matrix A(n=2) is said productive, when there is a non-negative vector ¥(=0) such that

AZ<LX.
A nXn matrix A is said to be indecomposable if no permutation matrix II does
All AlZ
A= where A,,, A, are square.
22

See Debreu & Herstein<2>for the properties of such matrices.
5) The prices are normalised so that W, the price of labor service, is equal to unity.
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zx¥
where z=(x;)€R} is the output vector, x; representing the output level of good 7 On the

other hand, laborers’ incomes come for their supplies of labor service, letting L(p,1) (>0)

the intended supply of the service as a whole given the price p, their aggregate income is

F(p, 1), wage rate w being set to unity. Therefore we have, by virtue of the assumption,
L, D=p-F, 1) 2
rex=pGp; I, -, In).

A. VL

All the relevant functions L(p,1), F(p,1) and G(p; I, -, [») are continuous in their argu-
ments.

A. VIL
01(119 0
res 0:(0:) k=1, -, m)
is a nXxn diagonal matrix, where
0;(z;) =0, ZZE 0;(zp=1  (G=1,-,n) ' ©))
;€T

0;(r;), representing the relative share of the firm z; in industry j. ,
If the set of firms S, consists of such firms (zy, ---, 7), the matrix I'; shows the relatlve
shares of the firms in the set S; In matrix form, (3) becomes,
=0 k=1, ---,m)

m 3
kZ I'v=E (E: indentity matrix of order ).
=1

When the total production z(€R") in the economy is given, I x(€R?) is the output of
the firms in the set Si.

III Model Building

Equilibrium price p must satisfy ‘
P=pAr+1l+m ‘ o @
given the expected profits z;(">0) of the firms in Sy(k=1, ---, m).
Postmultiplying equ. (4) by I’y and summing over %k, we obtam by virtue of (3)’
p=pA@)+1(0)+=(0) ®

where A(6) EI;IAkOFk

l(f))—:—k%:llk-l“k

n(ﬁ)Ei}lm-Fk-

Similarly, equilibrium output vector x(=R?) satisfies in output side

6) =z-x is the product of two vectors = and x. The vectors are well defined so that the calculation of product
is possible. For example = is taken as a row vector and x a column vector. The same applies to the relevant
calculations below.

7) We have a positive price p>0, given zx>0, because Ay is productive by virtue of (A. IV); in fact p is
given by

p=lL[I—-Ar]  +rx[I— Ar] =0+ zx[I— Ar17*>0.
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=A@ z+Fp, D+Gp; I, -+, In) (6
where Li=n;(6)+x; (a:(f) and z; are the i-th elements of the vectors z(4) and z respec-
tively.) '
The output vector z is bounded by the available labor service.
() x=L(p, . QN

Now we will show under the pair (p,#) the existence of output vector X which satisfies
equ. (6) under equ. (7) and budget equations.
PFp, D=L, 1D

p'G(p: -[1,"'» In)Ef‘:l [:7!(0)'.113 (2)/
Let ‘
According to the definition /() and (A. D), I(#) (&€ R*)>0 and L(p,1)>0 by(A. V) ; hence

T(p,6) is a compact set.
Define
F(, 05 2)=A0) 2+ Fp, D+GO, m(@)x, 7,(0) 2y mn(0)20)
8) Define C(p,0) as
Cp,D={clcz0, 2=A@z+a(p,1) I(8)-z+c, I(8) z<L(p, 1D}

where a(p,1) (€R%) is the commodity (column) vector necessary for laborer to maintain his unit labor

supply and C is the commodity vector available for capitalists.
We assume, as proposed in (A. V),
p * aCP ’ 1) =1

()-x =p-c.

As A(#) is non-negative and indecomposable, according to its construction and (A. III) so is all the more,
A +a(p,1) 1(6). Therefore we have a positive scalar 1(>0) which is the largest in modulus among the
eigen roots of the matrix and a positive vector y(>0) such that

[A@ +alp, D) U(O)]y=1y. (n.2)
Premultiplying this equ. by the vector p given by equ. (4) or (5),
2py=pLAO) +a(p,1)-1(0)]y
=[pA@O+IDly (. palp, D=1
=[p—=(@®ly ((cf.) equ. (B)).
Therefore,
A~-Dpy==(y.
As 7n(8)>0, p>0 and y>0, we have
i>1.

Hence, there exists the inverse matrix of [I—A(8)—a(p,1) 1(6)] and further it is a positive matrix; [/—
AG)—a(p, 1) 1(6)]1'>0.

The output vector x=x(p,0;c) is given by

z(p,0 ;) =[I-A()—a(p,1) 1(0)] ¢ for YeeC(p;0).
Suppose
{(O)x(p,0; H=IOI-AWD —a(p,1) (6] <L(p,D)
for some °€C(p, ), then we have a scalar #(>>1), for which
{Ox(p,0;tcD=L(P, 1)  tc"eC(p,0). (n.3)
In fact if we take
i L(p, D) o
{OOLI-AG)—a(p,1) 16D
equ. (n.3) holds.
Therefore from now on capitalists are supposed to expand their output so far as all the available labor
service gets absorbed in production, because they can more more available commodities for their own.
The commodities distributed among laborers, under the supposition, are
a(p,1) 1(6) z(p,0;cd=alp,1) L(p,1)
=F(,D.

These justify our consideration in the system of equs. (6) and (7).

(n.1)
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90,05 = b D os (9,05 ). ®"

Because T(p;6) is compact for the given pair (p,0), g(p,0;x) is continuous in z by
virtue of (A. VD), and g(p, 0; ) T (p, 0) for any x=T(p,0), we have applying the Brouwer’s
fixed point theorem, a point z*(eT(p,6)) such that

x*=g(p,0; x%)
- LD -
N OYiCXE x*)f(f"s 05 x*). ®
Premultiplying this by the price p given by equ. (4)
pa*= e (5,03 0. 10)

Postmultiplying equ. (5) by z*, we have
px*=pA@Dx*+I(Ox*+ () x*
=pA@)z*+L(p, D+x(@zx* (cf. equ. (7))
=pADx*+p-F(p, D+pG (P, 1)z, -, ma(Dxa*)  (cf. equ. (2)")
=pLA@D z*+ F(p, 1) +G(p, m(D)x1*, -+, 2a(0) 0*)]
=pf(p, 0; z%). 1y
We obtain, by equs. (10) and (11), as well as pz*>0
Lp, D=1 (P, 05 x%).
This implies, by virtue of equ. (9)
z*=f(p, 0; %)

=A@)x*+F(p, D+G, 7, (D) x,*, -+, mn(8)22*)

with
I(@)x*=L(p, 1). (12)
We have proved the existence of the equilibrium output z*=z(p,6) for the given pair
0, 0).

It is easy to see that we can always construct such z* for any price p(0) with equ.(5)
behind once the relative share @ is given. The relation of the equilibrium output and the
prices is nothing but the objective demand function. The output x*(=R?) always matches
its demand: part of it is demanded as intermediate goods among firms — the first term of
equ. (12) corresponds to this demand —, another part F(p,1) is consumed by the laborers
as a whole; and the others remain for the consumption of the capitalists whose incomes
come from the profits they get engaged in the productions. When the capitalists attempt to
produce this amount of goods it just meets its demand; the source of which just stems
from the agents’ engagements, there is a consistent flow of goods; no obstacle is there.
Now for the uniqueness of the output vecter z=x(p,0), we add a further assumption to
the previous ones.

A. VIIIL
The demand function G(p, =,()x,, -, z,(#)x,) of the capitalists is of the form,

Gt m (s, 7 ()3) =g ()3 71 (D):(B,0)

=9(P)n(O)x (P, 0). (13)1
By virtue of (A. V), the spending pattern of the capitalists will be specified as
peg(p)=1. (1D
It is easy to show, under the equ. (14), by the same method as in note 8, that there is
the inverse matrix of [[—A(#) —g(p)=(6)] and further it is positive

9) That p>0 and L(p,1)>0 together with F(p,1) €R7 implies, by virtue of (2)’ F(p,1)=0, which, in turn

implies {(6) F(p,1)>0, because /(6)>>0. Therfore g(p,0;x )is well-defined for any x& T(p,0).
10) If all the capitalists’ utility functions are same and homothetic, we have such a demand function.
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[I—A0)—g(P)a(@)]>0. (15)
We have, by equs. (12), (13), and (15),
z(p, ) =[1— A —gP)a(H]I* F(p, D. 16)

The above equ. (16) shows that eqilibrium output vector x==xz(p,0) is not only unique
but also continuous in ¢, because [I—A(0)—g(Pp)x(6)]* is unique and continuous in 6.

So far, no mention has been made of the existing capital stocks in the economy.

It is a plausible assumption some amounts of capital stocks are installed in the sectors,
underlying the input coefficients and labor inputs. :

Suppose the firms in a set, S;, are more abundant in capital than those in some other set,
S.. If the input coefficients are decreasing functions of the capital stocks, the supposition
results in

A<lA,. an

By virtue of<<A. IV>, equ. (7) becomes

p=LI-A] [ [— AT
=0 +m[I—A7;:|_1 (izl, 2).
So, we have '
o= A =n,[1—-A,]7%
The difference of the expected profits between the firms in the distinct sets of the firms
is given by
7T1'—71'2:751_7%[[_141]_1[[_142]
=m[[-A, ' [([-A)—-UT-4)]
:TEIEI—AIJ_I(AZ_AI) <18)
which is positive under the indecomposability of A,, =,>>0 and in equ. (17).
Similarly we can show under the in equ. (17),
1, >1,.

The mentioned above means that if the firms in the set S, keep more capital stocks than
those in the set S,, the firms in S, are higher than those in S, in expected drofits and the
former employ more labor service than the latter when the price p, given by equ. (4),
prevails in the whole economy. Therefore there are various expected profits among firms
even within the same industry depending upon the capital stocks. There is, however, a set
of relative shares which yield a equal rate of returns within same industry.

Let 7;(z;) be the rate of returns of firm r;(z;€7T;). It is, by definition,

(e = 73(z1)0;(z;)2;(P, 6)
PN 0,(e)x (P, 0) [7{1. aij(z)pi+1i(z)]1+Q; ()

0J(TJ> ‘
. , , (19w
01(71) Qj(ﬁ')
g (TJ)[Z a”@’)pﬁ—l =1+ z;(c)z (P, 6)
Define the simplices
M;(j=1,-,n) and M:
M;={0,(zp) (;€T)|0;(z;)=0 L 0,p=1} G=L-n

i€

ME;Z M]-. (20)12)
Jj=

“11)- Qj(zj) is the value of the capital stock of firm 7j(€T5) in terms of wagée bill, and assumed positive.
ri(rj) is well defined, because Q;(r7). As [[—A(0)—g(Pp)=(6)] >0 (see equ.(15)) and F(p,1)>0 (see note(9)),
x(p,0)>0 by equ.(16). 7i(cj)>0, by our assumption.

So we can operate the division.

12) InI Mj; is the Cartesian product of the sets M, -+, M,.
j:l .
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Let
WJ j(f’; 0)-—- ﬂj(rj)[;aw(‘[])p]+ZJ(T]>]+ Wj(fj)xj(p, 0) .
It is obvious that W;%i(p,0) is positive and continuous in #(¢€M), because x(p,0) is
continuous in #(see equ. (16)).

Define
e WiT(p, 0) P
t L—Z TWij(p> &) (Z‘;ET], j=1, - m). <21)
jeT;

Again  p7i(p,0) (z;€T)) is a continuous in #(9€M) and Il p;i(p,6) is a mapping from
el

the compact set M into the compact set M;. Therefore ﬁ II pii (p,6) is a continuous
j=1 T.ET]‘
J

mapping from the compact set M into itself. Applying the Brouwer’s fixed point theorem,
we get

W;si(p, 0%)
()= ]

0 ) = Wy, 0%

el

_ 0% _ 1 _. M
ri(Ti= Wi(p, %Y % Wii(h, 0%) =7;(p, 0%).

This shows, as was to be proved, that there is the set of relative shares{0;*(z;) (z;€ T
i=1, -, %)} which yields the equal rate of returns y;(p,#*) within the same industry j,
although the expected profits differ among firms even in the same industry, reflecting the
magnitudes of the existing capital stocks.

In order to obtain some relative shares which bring forth the equal rate of returns over
all the industries, we must add some further assumptions on existing capital stocks, which
is beyond the scope of this paper. As a matter of fact, it may be plausible to suppose that
some capitalist will draw his capital from a less profitable sector and try to invest it to
some other sector in which more profit is expected.

But it may result in vain because of some barriers in the sector in which he tries a now
entry. Or he may succeed in the entry; this may, however, cause the over-supplies ending
with price reduction and higher profit will be unobtainable. What will he do next? He may
again try to move and seek for a better profit ; he may try to draw some portion of the
capital stock and invest a new sector or he may stay and continue to produce in the sector,
taking into consideration he learned before.

As a brief consideration above shows that the capital stocks in every firm are the results
of many economic factors, we can not obtain the required relative shares unless we have in
dynamic framework some concrete relations which regulate the movement of capital stocks.

(z;€T; =1, n)
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