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Quantitative Indicators for Measuring the Characteristics of the
Change of the Geographical Distribution of Population

Keisuke Suzuki

1. Introduction*

We have now many kinds of indicators of the characteristics of spatial or geographical distribu-
tion of population at a certain point of time which have been proposed by many students. Some
kind of indicators of density, indicators for heterogeneity of population distribution and those for
certain point of population distribution are the indicators.?

For example, we have density,? areality,® and proximity® as the indicators of the distribu-
tion of population, index of population concentration proposed by Hoover,” the 2 of the Lorenz
curve method,® location quotient proposed by Florence? as the indicators for the heterogeneity
of distribution of population, and some kinds of central points of population distribution—center
of population, population center, etc.—as the indicators of central point of population distribu-
tion.® '

When we observe the spatial distribution of a population, we can know the profile of the dis-
tribution of the population by means of the indicators.

However, if we can observe additionally the characteristics of the change of spatial distribu-
tion of population during a period of time quantitatively, we would be able to grasp the profile or
structure of the distribution of population more deeply.

But, unfortunately, we have few indicators for the characteristics of the change of spatial dis-
tribution of population.

In this paper, I would like to propose the indicators for measuring the characteristics of the
change of spatial distribution of population.

2. Indicators

The indicators proposed here are classified into 3 groups:
I. Indicators for the change of the central point of population distribution
I1. Indicators for the change of the direction of the axis of population distribution, and

III. Indicators for the change of the pattern of population distribution.

For the first group (Group I), I would like to propose, here, 3 kinds of indicators:

1. Length of the movement of central point 8" which is the distance between 2 central points

of population obtained by 2 points of time,

2. Size of the movement of central point 6"p which is the product of the /" and popula-

tion P.
By this indicator, we can show the ““size” of the distance of the movement of central
point of population weighted by population.”

3. Direction of the movement of central point, .

The quantities measured by these indicators, 4I", 61" and W are shown pictorially by (1) the
length of a straight line between the two central points at different points of time, (2) the area of a
rectangle which has 6" as the length of one side and population P as that of the other side, and
(3) the direction of the movement of the central point measured by a basic direction, respectively,
as shown in Figs. 1 (1), (2) and (3).

When we obtain the actual values of these indicators, we must determine the central point of
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Figure 1 Pictorial representation of éI', 6’ p and W.

distribution of population. In general, we can show the central point by the Ath center of popula-
tion (h=1, 2, 3, ...) which is the point whose co-ordinates x and y are those which minimize the
value S, defined by

S, = ZP{ V=% =) @.1)

where P; (1=1, 2, 3, ..., n) is the population in the 7th region (R;) and x; and y, are the co-ordinates
of the location of the region R; (Fig. 2).
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Figure 2 The elements of determination of S,

When % is equal to 2, then the central point of population which is obtained by this definition
is the center of population, because the center of population can be regarded as the 2nd center of
population.

Now we have the mathematical methods to obtain the first and the second center of popula-
tion: the former is the Kuhn-Kuenne’s method!® and the latter is the method to obtain a center of
population.i? '

In the second group (Group II) of the indicators, we can find 2 kinds of indicators:

1. Angle of the change of the direction of axis, 4
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Figure 3 Pictorial representation of 4 and Ap.

2. Size of the change of the direction of axis, 4, which is the product of A and population
P_12)
These indicators are pictorially shown by Figs. 3 (1) and (2). As shown in Fig. 3, we can show
clearly the angle 4 and the area Ap.
For the third group (Group III) of the indicators, we can give 2 kinds of indicators:
1. Change of degree of population concentration é4 which is measured by the difference
between 2. Hoover’s indices of population concentration obtained at 2 points of time for
a population in the regions observed, 4,—4,_; where 4, is, as it is well known, defind
by

1 =
4, = DA Zgl lPit_aitl (2.2)

in this equation, p;, is the actual ratio of the population of the jth region (R;) to the total
population of all the regions questioned at time ¢, and a;, is the actual ratio of the area of
the jth region to the total area of all the regions questioned.

2. Change of the pattern of population 4, which is the value defined by

1 & A
dp = 5 3 Ipi=P| @2.3)

where p; is the ratio of the actual population of the ith region (p,) to the total population
of all the regions questioned (P) at time #, namely p;, and p; is the ratio of calculated
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Figure 4 Factors of for calculation of 64 and 4.
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population of the ith region (5;) to the total population (P) at time # under the supposition
that interregional migration is not found during the period from time t—1 to time #. For
practical calculation, I regarded p;;_1 as p..

In Figs. 4. (1) and (2), we can see the factors for calculation of these indicators.

3. Examples of Application of Indicators

I would like to show some examples of measuring the characteristics of the change of distribu-
tion of population by the indicators stated above.

First of all, I can show an example of measuring 61" and 4", for the movement of the center
of population in Japan during 5 years. Fig. 5 shows the /" and 6I"5 from 1920 to 1975 which are
calculated by the center of population shown in Fig. 6.1
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Figure 5 4" and 6I'p calculated by the center of population of Japan (1920-1975).
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Figure 6 The locations of the center of population.
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The values of dI" for the periods from 1935 to 1940 and from 1950 to 1955 are approximately
equal to each other, but those of 6I"p for the periods are not equal to each other. From this result,
we can find that the * length >’ of the movement of the center of population /" of Japan for the
period from 1950 to 1955 was equal to that for the period from 1935 to 1940, while the *“ size”” of
movement of the central point of population 61”5 of this country for the period from 1950 to 1955
was larger than that for the period from 1935 to 1940. We can also find the similar fact. The
“length ”” from 1960 to 1965 was approximately equal to that for the period from 1940 to 1945,
while the “size ” for the period from 1960 to 1965 was larger than that for the period from 1940
to 1945.

Secondly, I would like to show an example of actual observation of the direction of the move-
ment of the central point W.

Figure 7 shows the movement of the center of population for cohorts for the period from 1965
to 1970.1» And Fig. 8 shows the frequency distribution of direction of the movement of the central
point of population 7 obtained from Fig. 7. The angle of the movement of the center of popula-
tion for cohorts W was measured counterclockwise from the basic direction to the direction of the
line by which the movement of the center of population for cohorts was shown.

In this case, the direction of the line obtained by combining the center of population of a co-
hort for 1965 and the center of net product for 1970 was regarded as the basic direction for measur-
ing the W of the cohort. And the directions of the basic line and the line showing the movement
of the center of population for cohorts are drawn under the supposition that the length of the 1
degree of latitude and that of longitude are exactly equal to each other.!®

By this observation, we could find that most of the directions of the movement of the central
point of population of cohort W for the period from 1965 to 1970 distributed around the direc-
tion to the center of net product in 1970.

Thirdly, I can show the example of the angle and size of the change of the direction of the
axis 4 and Ap. Figure 9 shows the axis of the population distribution in 1960 in the regions (name-
ly cities and prefectures) surrounding Osaka. The angle 4 for population and that for the popula-
tion of the first sector of industry from 1960 to 1970 are shown in Fig. 10, where the axis was de-
termined by the principle component analysis and it is the first axis of the analysis.!®

From this result, we can say that the change of the axis of distribution of population (which
is 4°) and that of the population of the first sector of industry (which is —5°) are approximately
equal to each other, apart from the direction of the change of the axis (Exactly saying, the former
is slightly smaller than the latter.). The direction of the movement of the axis of population was
clockwise, while that of the population of the first sector of industry was counterclockwise.

It is very interesting to find the fact that absolute value of the size of the change of the axis
of distribution of population A obtained by using the population in 1965 (which was 58.8 million
person-degrees) was very large as compared with that of the population of the first sector of in-
dustry (which was 4.5 million person-degrees),'” because the population in 1965 was so large that
Ap of population became larger than that of the population of the first sector of industry.

Last of all, I would like to show an example of measuring 4 and 4.

Figure 11 is the 64 obtained by the prefectural data of Japan which is calculated by the Hoo-
ver’s concentration coefficient of population of Japan'® which is shown in Table 1. We find a
large decrease of 44 in the period from 1940 to 1945, in the graph in Fig. 11. From this decrease,
we can clearly know that in the second world war, the population of Japan dispersed abruptly.
The strong change of the degree of population concentration is also suggested by the change
of the value of |d4|.

Figure 12 shows the 4, for the cohorts from 1965 to 1970 and from 1970 to 1975 in Japan.'?
From this figure, we can find that the results for both periods of time are very similar to each

other and the 4,’s for the cohorts from 10 to 25 years of age are very high, and on the contrary,
the 4p for the cohort from 25 to 30 years of age is very low.
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Figure 7 Movement of center of population for cohorts in Japan (1965-1970).

Note: The numbers in this figure show the years of age of cohorts. x—x-44
means the years of age of cohorts whose years of age are x, x+1, ..., x+3 and
x+4. The W in this figure is an example of measuring W.
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Figure 8 Frequency distribution of direction of the movement of
population W.
Note: f(W) is the frequency of W.
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Figure 9 The axis of the population distribution in the regions sur-
rounding Osaka (1960).

Note: In this figure, the area of a circle shows the population of a
region. The circle is written at the location which is regarded as the
central point of a region.
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Figure 10 The angle A for the population and the population of the first sector of industry in the regions

surrounding Osaka.
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Table 1 Hoover’s concentration coefficient of population 4 and 64 of Japan.

(1) 4 (2) o4
Year 4 Period o4
1920 29.68% 1920-"25 - 0.106%
1925 30.21 1925-’30 0.092
1930 30.67 1930-’35 0.196
1935 31.65 1935-40 0.304
1940 33.17 1940-’45 —1.006
1945 28.14 1945-50 0.420
1950 30.24 1950’55 0.238
1955 31.43 1955-°60 0.380
1960 33.33 1960-"65 0.546
1965 36.06 1965-°70 0.494
1970 38.53 197075 0.268
1975 39.87
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Figure 12 The relationship between age and the value of 4, for the
periods from 1965 to 1970 and from 1970 to 1975.

Note: 4, is the dp for the cohorts which have years of age from X
to X-+4, and the years of age expressed by those at the beginning of
the period observed.

4. Some Problems related to Measuring Indicators

4-1 Sensitivity of the Indicators of Central Point of Population

The first center of population, namely, population center which can be used as a central point
for measuring the indicators 67" and 4I"p is a meaningful point as a central point of population,
because if the people observed gather at the point, when the people want to gather together at
a point, the total distance of the movement becomes minimum, and this point is very significant



for determination of location of industrial activity.

But, unfortunately this central point has week sensitivity to the change of distribution of
population. 'Therefore, when we use this point as an indicator of the characteristic of spatial dis-
tribution of population, this week sensitivity gives us a problem.

As a matter of fact, sometimes, the location of central point does not change, even if the state
of spatial dlstrlbutlon of populatlon changes. But, center of population, which can be also used
as a central point for measuring the indicators 61" and 6/, always move, when the state of spatial
distribution of population changes

Using a simple example, we can show the week sensitivity of population center.

First of all, we suppose that we have 5 persons who locate at 3 places P, Q and R whose co-
ordinates are (0, 0), (3, 0), and (7, 0) respectively, and we have 3 persons at P and 1 person at Q
and R, where (#, y) is the symbol which expresses the locations x and y of a place on X-axis and
Y-axis which are perpendicular to each other. In this case, the population center of the 5 persons
is at P.  On the other hand, the center of population is at the point C (namely at (2, 0)) as shown
in Fig. 13 (A). ,

Next, we suppose that we have 10 persons who also locate at 3 places P, O, and R, and we have
8 persons at P, and 1 person at Q and R. In this case, the population center of the 10 persons
is also at P. But, the center of population is at C’ (namely, at (1, 0)), as shown in Fig. 13 (B).

(A) Y Center of
population
1 b
(3) (1) (1)
_O_H__e_‘ ) l 1 ‘, 1 1 ’ 1 1 X
0P c Q 5 R 10
1k \
Population
center
(B) Y
Center of
1k population ' .
(8) (1) (1)
—0 i ] ] Py 1 ] ] ! L.
0P ¢ Q 5 R 10
—1 F
Population
center

Figure 13 Population distribution, and its population center and center
of population.
Note: The numbers in parentheses give the number of persons.

As shown by this example, we find sometimes the fact that even if the distribution of popula-
tion changes, population center does not move. The reason why the population center does
not move in this example is shown by the following explanation.

If the people gather at a“ point X which is at location (x, 0), then the total distance of move-
ment to gather at the point X, the total distance of movement D is expressed by

D = (3 (pervsons) Xx) +(1 (person) X (3_x))__l_(1 (person) X (7—96’))
= 10+x 3.1)

for the first case, and
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D= (8(persons> X x) +(1 (person) w¢ (3 __x)) + (1 (person) ¢ (7,_ x))
— 1046 (3.2)

for the second case.
In both cases, when x is equal to 0, the D’s of equations (3.1) and (3. 2) are minimized.
In general, if we have n persons at the point P, then the total distance of movement for the
persons to gather at the point X, D is expressed by

D= (n(persons) Xx)_|_(1(person) X(3_x>)+(1(person) X (7—.%’))
= 10+®n—2)x (3.3)
Therefore, if 7 is larger than 2, n—2 becomes positive. Then, when 7 is larger than 2, the popula-
tion center is always at the point P. On the contrary, the center of population is at location (10/
(n+2), 0), and it moves as the state of distribution of population changes.?

4-2 Determination of Axis of Spatial Distribution of Population

As already mentioned, the axis of spatial distribution of population can be determined by the
method of principal component analysis. Essentially, the first axis of this analysis passes through
the direction of maximum variance in the swarm of points which show the locations of persons.2?
Therefore, this axis can show the direction of maximum variance in the distribution of population.
According to the method of the principal component analysis, the method for obtaining the axis for
the variables X; and X, which are the latitude and the longitude of the location of a person,
respectively, is stated as follows. When values observed for variable X, and X; are given by X,
first of all, we must calculate the arithmetic means of these variable X and covariance matrix
(namely, the matrix of variance and covariance of variable X; and X;) S

X = Fc‘l] S = [311 slz]
X So1 S22

X=Txy xal

where

X1z X2
3(;171, :X‘:Z'n,
_ 1 &
.X'p'—"-n—';xpi ;(_PZI’Z)
1 e _ _
Spg = "n“z::(xpi—xp)(xqi—xq); (p=12;q=12)

and x,; (p=1,2; i=1,2,...,n) is the ith value observed of the variable X, (p=1,2).
Secondly, we calculate the characteristic vectors @ and a, of the equation:

(S—iha =0 (3.4)

a = \:011}, a; = [@1}
ae A2
and a; is the characteristic vector for the largest characteristic root 4;, and a; is the characteristic
vector for the smaller characteristic root As.

Incidentally, these characteristic vectors are the coefficients of X and X; for expressing the
first axis Y; and the second axis Y, 'The axes Y; and Y, are expressed by

Y = anXi+apX, (3.5.1)
Y, = anXi+axX, (3.5.2)

Lastly, if we calculate the values ay, b1, az, and b; by the following equations, we can obtain

In this case,
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the equations which express the axes Y; and Y; by the variables X; and X,.

a2
= —— 3.6.1
ai @i ( . )
"
@ == (3.6.2)
by = ¥ aip
1= X1+ a, (3.6.3)
bo = % Qo _
9 = x1+a—2lx2 (3.6.4)
Then, the first axis is expressed by
X1 = a1+b1x2 (3. 7. 1)
and the second axis is expressed by
X1 = a2+ng2 (3 7. 2)

But, the data of population distribution is usually given in the form of population in the regions
observed. 'Therefore, the values observed are given in the following form:

X =Txy %7, P=1P
X12  Xog 1?2
Xim X2m P’m

where P; (j=1, 2, ..., m) is the population in the jth region whose location is shown by latitude
x1; and longitude xy; (namely, location (xs;, X1,)).

In this case, the method for obtaining the axes of the distribution of population is stated as
follows.

First of all, we calculate the elements of the vector X and the matrix S by

_ 1 m
Xp = 2 Pjxy;
P~ =1

J

Mz

fl

J=1
1 _ _
Spg = > P2 5—%p)(%4:—Xqg)
Z P. =1

4 J
J=1

After we obtain these values, if we calculate the a, and a; by equation (3. 4), we can obtain the
axes by the same calculation which are expressed by equations (3. 6. 1), (3. 6. 2), (3. 6. 3) and (3. 6. 4)
written above.

When we calculate the axes with the data of population of the regions observed whose location
are expressed by latitude and longitude, even if we can obtain the two axes by the method shown
above, these axes are not perpendicular to each other on a real map. As far as, we use the longitude
and the latitude when we express the location of regional population, these axes are not perpen-
dicular to each other, since the length of one degree of longitude is not necessary equal to that
of latitude. But, each axis can be used as the indicator for expressing the state of distribution of
population.22

5. Conclusion

In this paper, first of all, I wrote down many kinds of indicators for representing the profile
of spatial distribution of population, especially indicators for representing the characteristics of the
change of the distribution of population, and classified these indicators into 3 kinds (Fig. 14).



Secondly, I showed the results obtained by measuring the change of population distribution
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by using the indicators mentioned here.

And lastly, I discussed interesting problems which we would find when we used the indicators

proposed here.

When I tried to apply the indicator for measuring the characteristics of the change of distri-
bution of population, I was able to find that the indicators were fairly good indicators to grasp the

characteristics.

Indicators for  the
change of distribution
of population

|
-

Length of the movement
of central point, oI

Indicators for the change
of the central point of
population  distribution
(Group I)

Size of the movement of
central point, 6/ p

Direction of the move-
ment of central point, W

Indicators for the change
of the direction of the
axis of population distri-
bution (Group II)

Angle of the change of
the direction of axis, 4

Size of the change of the
direction of axis, 4p

Indicators for the change

Change of population
concentration 04

— 13—

of the pattern of popula-
tion distribution (Group
111) Change of pattern of
population 4p

Figure 14 Systematic representation of the proposed indicators.
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Therefore, Ap for these populations were as follows:

Ap (for population) = 14,687,843 x 4°
= 58,751,372 (person-degrees)
Ap (for the population of the first sector of industry) = 909,826 X (—5°)
= —4,549,130 (person-degrees)
18) Suzuki, Keisuke: op. cit. (1979, Vol. 14, No. 1).
19) Suzuki, Keisuke: op. cit. (1979, Vol. 14, No. 2.).



Measuring the Geographical Distribution of Population

15—

20) It can be said that the week sensitivity of population center suggests that if a great town once appears
in the regions observed, the location of the great town becomes a stable central point and it can be sta-
tionarily the central point in the region though the population distribution in the regions surroundlng

the great town changes a little.

21) Morrison, Donald F.: Multivariate Statistical Methods, New York, McGraw-Hill, 1967, pp. 230-234.

22) Even if we intend to get the axes which are perpendicular to each other on a real map, exactly saying,
it is very difficult to obtain such axes, since the surface of the earth is not plane, but spherical.

For example, the first and second axes for the distribution of population for 1960 were as follows:

{xl = 0. 25 + 0.84'x2

(The first axis)

%, = 10.10—0.97x, (The second axis)

But, the axes obtained by these equations are not perpendicular to each other on a real map, because the
length of the 1 degree of longitude is not equal to that of latitude.
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