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1. Introduction

John W. Tukey? proposed a very interesting smoothing method of time series. This
method may be called “iterative moving median method” from the characteristics found in
the method. When the method is applied to smooth a time series observed, the time series
is smoothed by using iterative calculation. After sufficient times of the iterative calculation
defined by this method have been done, the smoothed time series becomes a time series
which is not changed even if the iterative calculation given by this method is additionally
applied to the time series.

In this paper, I tried to expand and generalize the Tukey’s method. And I could find
a generalized smoothing method of time series by iterative calculation.

2. The Tukey’s Method
When a time series which is observed at points of time and is written by
-7/'1: xZ) .-.’ xt; ...) xT

is given, the smoothing method of time series proposed by John W. Tukey consists of the
following steps of calculation :

Step 1. Two new values z,” and xr” are added to the time series obtained by actual
observation : x;, &;, X, -, Zr. The new values are calculated by the following formula :

x,/=3x,—2x, Q.10
Xr' =82ry—2%7—y 2.2)
Step 2. Median of 3 neighboring observed values, x:, &+, and x4, ((=1, 2, -+, T—2)
is obtained.
Step 3. The median obtained at Step 1 is regarded as the smoothed value at time t-+1,
and it is expressed by z:+;(1) (¢t=1, 2, ---, T—2). At this stage of the process of calcula-
tion, the following new time series is obtained :

-272(1); ms(l): % x’.”—l(l)
Step 4. x,;(1) and zr(1) cannot be obtained by manipulation of Step 3. These values
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are given by the median of z,/, z,, and =z, and median of zr-,, zr, and zz’. Therefore,
the following formula can be written.

z;(1)=median (z,/, z;, x,) 2.3
xT(I):median (xT—l) T, .Z'T/) (2, 4)

Consequently, at this step, a new time series written by the following series is obtained :

xl(]-)! .172(].>, "ty l'T(l)

The rule for obtaining the x,(1) and x7(1) which is constructed by the operations shown
by equations (2.1) and (2.2) at Step 1 and equations (2.3) and (2.4) at Step 4 is called
“end point rule”.

Step 5. The z,(1) (¢=1, 2, ---, T) is regarded as z:.

Step 6. The operations which were done at the steps from Step 1 to Siep 5 are again
applied in turn to x; obtained at Step 5, until the z; is not changed even if the operations
which were done at the steps from Step 1 to Step 5 are applied to the x; obtained at Step 5.

Step 7. When the state in which x; is not changed even if the manipulations which
are done at the steps from Step 1 to Step 5 are applied is obtained, the z; is regarded as a
provisional smoothed time series.

Step 8. “Mesa” is found in provisional smoothed time series. Mesa is “pairs of adjacent
points with a common value which is below or above the points on each side”. in other
words “a flat two point local maximum or minimum”.?

Step 9. The first value of two values which compose a mesa is regarded as the end
point of a series given by a part of the provisional smoothed time series, which is composed
by the first value of the mesa and the observed values x: preceding the first value of the
mesa. The second value of the mesa is regarded as the beginning point of a series given
by the part of the provisional smoothed time series, which is composed by the second value
of the mesa and the observed value z; continued from the second value of the mesa.
Therefore, if the first value of the mesa is x-, then the value z- is regarded as the end
point of a time series, x;, x,, -, Xr—;, Zr, and if the second value of the mesa is z-.,, then
the value z-., is regarded as the beginning of a time series, Zci,, Tris, *-+, L.

Step 10. The “end point rule” which is the rule for obtaining z,(1) and zr(1) by the
operations given by Step 1 and Step 4 is applied to the x- and z-.;, and the values newly
obtained by the end point rule for zr and z-., is written as z:(*) and z-.,(¥).

Step 11. The component of the mesa composed by x- and z-4; in the provisional
smoothed time series is replaced by z-(*) and x:.+,(*). The time series obtained at this
step is called here new provisional smoothed time series.

Step 12. The z:(*) and z-.,(*) which are found in components of the new provisional
smoothed time series are regarded as x- and z-.,. Therefore, at this step, the new
provisional smoothed time series which is composed by the values :

Ty, T, ** xf(*): xf+1(*): s, X

is again expressed by the following time series.
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Step 13. New provisional smoothed time series which is composed by =z: (¢=1, 2, -,
T") is again smoothed by the operations given by the steps from Step 1 to Step 12.

Step 14. When the state in which all the components of the new provisional smoothed
time series z; (=1, 2, ---, T) are not changed even if the operations defined at the steps
from Step 1 to Step 13 are applied is obtained, the new provisional smoothed time series is
regarded as a final smoothed time series, which is expressed by the following time series.

'7’.1*: xZ*: ) xt*) T ':C‘Tﬂ<

The Tukey’s method is the method as shown above. In this method, if the end point
rule is not given, the time series which is composed by z:+,(1) (¢=1, 2, .-, T—1) has not
z,(1) and zr(1). But, fortunately, by the end point rule, the time series which is composed
by z,(1), z,(1), -+, xr(1) is obtained.?

The process of the manipulations which are done in the Tukey’s method can be depicted
by Figure 1.

From original time series, augmented time series, 2/, ., Ly, >+, T1,'++, Tr, Xr’, is obtained
by the operation of Sftep 1. When the operations of Steps 2 and 3 are given to the augmented
time series, incomplete smoothed time series is obtained. And by the operation of Step 4,
complete smoothed time series is obtained. At Step 5, the complete smoothed time series is
regarded as the original time series observed. By the operations of Steps 6 and 7, provisional
smoothed time series is calculated. At Step 8, mesas in the provisional smoothed time
series are found. If mesas are found, they are splitted. And the new provisional smoothed
time series is obtained by the operations of Steps 12 and 13. Lastly, after the operation
of Step 14 is given to the new provisional smoothed time series, final smoothed time series
is obtained. Of course, if mesas cannot be found, provisional smoothed time series is
regarded as final smoothed time series.

By the Tukey’s smoothing method, a smoothed time series which was called here final
smoothed series is obtained by medians of 3 neighboring observed values. But, we would
be able to obtain a smoothed time series which consists of medians of more than 3 neigh-
boring observed values by generalizing the Tukey’s method. Generalized smoothing rules
of time series proposed in this paper are the rules which give smoothed time series which
are composed by medians of 2n-+1 neighboring observed values or 2» neighboring observed

values (n=1, 2, --).

3. Decomposition of End Point Rule

In the Tukey’s smoothing method, as mentioned above, the length of the final smoothed
time series is not shortened by the end point rule. If this rule is generalized, we would
be able to find a generalized smoothing method based on the Tukey’s method.

The Tukey’s end point rule is regarded as a combination of “extraporation rule” and

“smoothing rule”.
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Figure 1 The process of the manipulations of the Tukey’s method.
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According to McNeil’s interpretation, when the end point rule is applied to the time
series analized, the value 3x,—2x, which is the value z, defined above is “actually obtained
by fitting a straight line passing through the second point with slope double that of the
line joining the second and third points and taking the value fitted by this relation” at the
point of time 1.# For example, if the values of z,, x, and z; are the values which are
shown in Figure 2, the value z,” is found at point P in this figure. But, this value z,/
(=3z,—2x,;) can be regarded as the value of x, obtained by the extrapolation of the time
series observed, namely, the value can be actually obtained by fitting a straight line passing
through the second point with slope of the line joining the second and third points and
taking the value fitted by this relation at the point of “time 0”. For example, if the value
of x,, %, and x; are the values which are shown in Figure 2, the value x,’ is found at
point Q in Figure 3. Therefore, the value x,’ is regarded as x, obtained by the extrapola-
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Figure 2 Determination of the value z,’.

Notes : This figure is drawn, based on the figure shown in McNeil’s
book (McNeil, Donald R.: Interactive Data Analysis, New
York, John Wiley, 1977, p. 122),
The point P’ is the value for z,” obtained by using the slope
of the line combining the points expressing the values of x;
and x..

tion of the time series observed, and the rule for obtaining the value z, can be called
“extrapolation rule” of time series. The smoothed value for time 1 is given by the median
of z,, x;, and z,. This rule of obtaining the median is the same rule that the rule of
smoothing of other part of the time series observed, which may be called “smoothing rule”
in the Tukey’s method.

The end point rule for obtaining the smoothed value of zr is also regarded as a combi-
nation of “extrapolation 'rule” for obtaining the value of xr., and “smoothing rule” by
which moving median for zr is obtained.

Therefore, the Tukey’s end point rule is regarded as a combination of “extrapolation
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Figure 3 Determination of the value z,.

Note : The value z, is exactly equal to the value z,’.

rule” for obtaining the values z, and xr:, and “smoothing rule” by which moving medians
for x, and zr are obtained.

4. Generalization of Extrapolation Rule (Genelalized Extrapolation Rule)

4.1 Generalization of the Tukey’s Rule: Generalized Tukey’s Extrapolation Rule
According to the Tukey’s rule, x, is obtained by

Z,=3%,— 21, “.D
or
Ly=Zy,—2 (T3—Ty) 4.2)

The value (x,—x,) in equation (4.2) is the slope of the line combining the points
expressihg the values z; and x,. Therefore, we can generalize this rule for obtaining the
value z_;. The value z_, is expressed by the following equation.

1
x_1=x2—3{7(x4—x2)} 4.3
1 . . .. . .
The value 7(.2:4—.192) is the slope of the line combining the points expressing the values
z, and x, are shown in Figure 4. Consequently,
5 3
w—1=7$2"7$4 4.4

Similarly, the value of z_, is expressed by equation :

:v_z=x2—4{-—§1,7- (xs—xg)} 4.5)
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Figure 4 Determination of the value x_,.

Z,

Tati

1 1

—; 0 1 2

] L
3+i—-1 3+i
Figure 5 Determination of the value z_;.

In this equation, the value —é—(xs——xz) is also the slope of the line combining the points
expressing x; and x,. Therefore, x—, is expressed by

7 4

$~2:—3—x2—?x5 4.6)

In general, the value x_; is expressed by equation :

o=, (i+9)] e @i “wn

Figure 5 shows the mechanism of determination of the value x.; expressed by equation (4.7).

The value z'-i—Ll(w“”_xZ) in equation (4.7) is the slope of the line combining the points
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- expressing the values z;:; and z,. From the equation (4.7), we can obtain the following
function for the value z_,.

_ 243 42
TS U |

Ty+g 4.8

-1

Therefore, we can also obtain the following formula for the value Zr.;:

2(1;'}-1) T i+2

T-1 i ZTr_i-1 (4.9)

Lr4+i=
which is obtained by the following relation between zr.:, xr-,, and zr_;_,.

Tre=ra—G+2) {%(x—wﬁ 4. 10)

The rule for obtaining xr_; and xr.; which is expressed by equations (4.7) and (4.10)
is the “generalized Tukey’s extrapolation rule”.

4.2 Median Extrapolation Rule

Another extrapolation rule can be given, if we make a extrapolation rule for the values
z_; and zr.;, by using an assumption that the value x_; will appear in the vicinity of the
values which are found at time 742 and at points of time near time ¢+2, consequently, it
will appear in the vicinity of the median of the actual values observed, x, T, -+, Zsss, -,
Zgivy ; and the value zri, will appear in the neighborhood of the median of the actual values
Xrogi, LT-gi-1, ***, LT-1, LT

Therefore, the rule stated above can be expressed by the following equations :

r_;=median (&,, Xs, *-*, Tiry) 4.1
and
Zres=median (Lr-si, Fr-si-1, ***, Tr-y, Tr) 4.12)

where “median (xp, ZTp+1, -+, Tm)” means the median of the values xp, Tp+y, =*-, Tm. This
rule expressed by equations (4.11) and (4.12) is called here “median extrapolation rule”.

4.3 Median-Trend Extrapolation Rule

If a time series has a secular trend, it may be supposed that the z_; and zp.; will
appear in the vicinity of the values on a line which expresses the secular trend of the series
observed. The line which expresses the secular trend of the series observed may be expres-
sed by a line which is obtained by combining a point expressing the value of z, and a
median obtained from an adequate number of actual values which appear in the vicinity of
time —i, or by combining a point expressing the value of xr and a median obtained from
an adequate number of actual values which appear in the vicinity of time 7+i.

By using the presupposition stated above, we can obtain a rule for determining the
values z_; and zr... The rule is written by the following equations :
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. 1 .
x_i:xl—(z+1)i—+T{med1an (1, s 5 Xyirs)— X1} (4.12)

and
.1 .
xr+i=xr+27 {xzr—median (@r_s, Tr-zi-1, =+, Lr-1, Tr)} (4.13)

Here, the values, median (z,, s, -+, Tx+,) and median (Lr_s, Tr-gi-1, ***, Tr_y, Lr) Were
regarded as the values on the line expressing secular trend at time 7+2 and at time 7—:, respec-
tively ; and ?11— {median (x;, @3, -, Tai+s) —%s} and —i— {xp—median (Zr_si, Tr-si-1, ***
zr-y, xr)} were regarded as the slopes of the lines expressing secular trend found in the
actual time series, as shown in Figure 6.

The value z_; and xrss in equations (4.12) and (4.13) are regarded as the values on
the lines of secular trend of the time series observed which are obtained by combining the
points expressing the values of =z, and median (z;, &5 ==, Tu+s) and by combining the
points eﬁcpressing the values of median (Lr_si, Tr-gi-i, =+, Lr-y, r) and Tr.

The extrapolation rule defined by equations (4.12) and (4.13) is called here “median-
trend extrapolation rule”.

5. Generalization of Smoothing Rule: Generalized Smoothing Rule

According to the Tukey’s smoothing rule, in general, except the end point, the smoothed
value at time ¢, x:(1) is given by

z:(1)=median (x:_y, T:, Tis1) G.1D

If we generalize this rule, we will be able to define a “generalized smoothing rule”
expressed by the following expression :

zi()=median (Ti—g, Tig-1, ***» Tt, =+ Ttg) (@=1, 2, =ooree ) (5.2)

As shown equation (5.2), this rule can be applied to get smoothed value obtained by
the median of 2741 terms. The value defined by equation (5.2) is called here “2n+1 term

moving median”.

6. Generalized End Point Rule -

In general, when we want to calculate smoothed series composed by 2z--1 term moving
median from a time series which is written by

L1y Lgy Ly **°5 LT
we must prepare new 2z values:

Tnity Tentay ** Loty Lo ANA Tre1y Trig s TT+a-10 TT4n

for calculating the following values :
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371(1)’ xzcl)) R .I?n(].)
and
Zr-n41(1), Trone(1), -, 2r().

Generalized end point rule is the rule for obtaining the values (namely, the values of
2n+1 term medians) which are

z, (1), 2,(1), -+, zo(1)
and
Zr-n+1(1), Tronss, =+, Tr(l)
by applying the generalized smoothing rule to the new 2n values :

Lont1, Lonts, ***, LTy, Zo

and

XT+1, LT+2 s LT4n-1, LT+n

and already known values :
L1y Ty ***y Tny Lo+t

and

Xr-ny XT-n+1y ***5 Lr—1, L7-

The new 2n values written above are calculated by one of the three kinds of general-
ized extrapolation rules. Therefore, we can construct three kinds of generalized end point

rule : (1) the generalized Tukey’s end point rule, (2) the median end point rule, and (3)
the median-trend end point rule.

(1) Generalized Tukey’s End Point Rule

In the generalized Tukey’s end point rule, the generalized Tukey’s extrapolation rule
and the generalized smoothing rule are utilized. And the process of manipulation given by
this rule is written by the following steps of operation.

Step 1. The following new 2 values are obtained by the generalized Tukey’s extra-
polation rule.

Zony Tont, =+t oy AN Treg, Tres, v, Tren
Step 2. 2n+1 term medians which are shown by
(1), x2(1), «++, a(1) and Zr_n+1(1), Tron+s(1), -+, Tr(1)
are obtained by the generalized smoothing rule.

(2) Median End Point Rule

In the median end point rule, the median extrapolation rule and the generalized
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smoothing rule are utilized. And the process of manipulation given by this rule is written
by the following steps of operation.

Step 1. The following new 2» values are obtained by the median extrapolation rule.
Zons Tontiy *** Tog AN Tras, Trig, oo Trin
Step 2. 2n-+1 term medians which are

z2:(1), z,(1), -+, 2.Q) and xr_n-1 (1), Zr_p+3(1), -+, 2r(1)
are obtained by the generalized smoothing rule.
(3) Median-Trend End Point Rule
In the median-trend end point rule, the median-trend extrapolation rule and the
generalized smoothing rule are utilized. And the process of manipulation given by this rule
is written by the following steps of operation.

Step 1. The following new 2x values are obtained by the median-trend extrapolation rule.
Zony Topsy, %5 Loy AN Ty, Tres, 5 Tran
Step 2. 2n+1 term medians which are
z,(1), 2,(L), ++, 22(1) and zr-n+ (1), Tr-n+:(1), -+, 2zr(1)

are obtained by the generalized smoothing rule.

7. Generalization of Tukey’s Smoothing Method : Iterative Smoothing Method
by Median of 2n-+1 Terms

We can define generalized iterative moving median method by combining two rules :
generalized end point rule and generalized smoothing rule.

According to equation (5.2), generalized smoothing rule is defined for obtaining the
median of 2n-1 terms. Therefore, we can easily define generalized iterative moving median
method by median of 2rn+1 terms. Incidentally, we can define three kinds of methods as
generalized iterative moving median method, since we have three kinds of generalized end
point rules (the generalized Tukey’s end point rule, the median end point rule, and the
median-trend end point rule) and one generalized smoothing rule. These three kinds of methods
are the “generalized Tukey’s method”, the “median method” and the “median-trend method”.

(1) Generalized Tukey’s Method

The generalized Tukey’s method which is prepared for obtaining a smoothed time series is
obtained by combining the generalized Tukey’s end point rule and the generalized smoothing
rule, and it is shown by the following steps of operation.

Step 1. The values &_nty, Tonss, **, Lo, and Trsy, ++, Tren are calculated by the genera-
lized Tukey’s end point rule or by equations (4.7) and (4.10) defined in the generalized
Tukey’s extrapolation rule.

Step 2. The smoothed value (1) (¢=1, 2, ---, T) is obtained by equation (5. 2) defined
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in the generalized smoothing rule.

Step 3. z:(1) is regarded as z..

Step 4. x.(1) is again calculated from z: obtained at Step 3 by using the operations
defined at steps from Step 1 to Step 3, until the z, found at Step 3 is not changed even if
the operations are given by the steps from Step 1 to Step 3.

The smoothed time series obtained by Step 4 is regarded as the final smoothed time
series, &: (¢=1, 2, ---, T).

“Mesa” will be also found in the final smoothed time series defined here. The end
point rule for mesa which is constructed by manipulation : (i) splitting the mesa found in
the final smoothed time series, and (ii) modification of the values of the components of
the mesa by the generalized Tukey’s extrapolation rule and generalized smoothing rule is
applied to only the components of the mesa, if we want to modify the values of the mesa.
When the mesa is modified, the values of the components of the whole series observed are
again modified by the operations defined by the steps from Step 1 to Step 4 which are written
above.”

(2) Median Method

The median method which is prepared for obtaining a smoothed time series is obtained
by combining the median end point rule and the generalized smoothing rule, and it is
shown by the following steps of operation.

Step 1. The values Zont+1, Lonss, =+, To, aNd ZTryy, *++, Lriq are calculated by the median
end point rule or by equations (4.11) and (4.12) defined in the median extrapolation rule.

Step 2. The smoothed value x,(1) (¢=1, 2, ---, T) is obtained by equation (5. 2) defined
in the generalized smoothing rule.

Step 3. x:(1) is regarded as z:.

Step 4. x,(1) is again calculated from z. obtained at Step 3 by using the operations
defined at the steps from Step 1 to Step 3, until the x; found at Step 3 is not changed even
if the operations are given by the steps from Step 1 to Step 3.

The smoothed time series obtained by Step 4 is regarded as the final smoothed time
series, & (¢=1, 2, ---, T).

“Mesa” will be also found in the final smoothed time series defined here. The end point
rule for mesa which is constructed by manipulations : (i) splitting the mesa found in the
final smoothed time series, and (ii) modification of the values of the components of the
mesa by the median extrapolation rule and generalized smoothing rule is applied to only
the components of the mesa, if we want to modify the values of the mesa. When the mesa
is modified, the values of the components of the whole series observed are again modified
by the operations defined by the steps from Step 1 to Step 4 which are written above.

(3) Median-Trend Method

The median-trend method is also prepared for obtaining a smoothed time series is
obtained by combination of the median-trend end point rule and generalized smoothing rule,
and it is shown by the following steps of operation.

Step 1. The values Z_ni1, Tontz, ***» To, a0d Trey, +++, Tr4n are calculated by the median-
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trend end point rule or by equations (4.12) and (4.13) defined in the median—trend extrapo-
lation rule.

Step 2. The smoothed value z.(1) (¢=1, 2, ---, T) is obtained by equation (5. 2) defined
in the generalized smoothing rule.

Step 8. (1) is regarded as z..

Step 4. x:(1) is again calculated from xz, obtained at Step 3 by using the operations
defined at steps from Step 1 to Step 3, until the z, found at Step 3 is not changed even if
the operations are given by the steps from Step 1 to Step 3.

The smoothed time series obtained by Step 4 is regarded as the final smoothed time
series, I: (=1, 2, ---, T).

“Mesa” will be also found in the final smoothed time series defined here. The end
point rule which is constructed by manipulations : (1) splitting the mesa found in the final
smoothed time series, and (ii) modification of the values of the components of the mesa
by the median-trend extrapolation rule and generalized smoothing rule is applied to only
the components of the mesa, if we want to modify the values of the mesa. When the mesa
is modified, the values of the components of the whole series observed are again modified
by the operations defined by the steps from Step 1 to Step 4 which are written above.

8. Iterative Smoothing Methed by Median of 2n Terms : Average Method

In 7, three kinds of iterative smoothing methods, namely, the generalized Tukey’s
method, the median method, and the median-trend method are defined for obtaining a smooth-
ed time series by using median of 2741 terms. Therefore, it is difficult to find a smooth-
ed time series which consists of medians of 2% terms by applying the iterative smoothing
methods mentioned above.

Consequently, we must prepare a method of smoothing by median of 2» terms specifically.
The specific iterative smoothing method by median of 22 terms proposed here is given by
the following steps of operation, and it is called here “average method”.

Step 1. The final smoothed time series obtained by medians of 2n—1 terms and 2n+1
terms (=1, 2, ---) are calculated by using one of the generalized Tukey’s method, the
median method, and the median-trend method. The values of the components of the final
smoothed time series obtained by medians of 2n~1 terms and 2u-+1 terms are expressed
by &1 and ztn+n,

Step 2. The final smoothed time series obtained by medians of 2z terms is calculated
by the following equation :

£,(2n):__;.*(i.&n——l)_{_‘%lzn*'l)) 6.1

9. An Example of Application of the Median-Trend Method and the Average Method

Here, the median-trend method and the average method are applied to smooth an actual
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Table 1 The process of obtaining the final smoothed time series
composed by 3 term moving median
(million tons)

calculation for smoothing

year original value
1st 2nd
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1950
1951
1952
1953
1954

1955
1956
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1960
1961
1962
1963
1964

1965
1966
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1968
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Note : The value in parentheses is the value obtained by the median-trend
extrapolation rule,
The values obtained by the 2nd calculation for smoothing is the final
smoothed time series.

time series. The actual time series observed is the time series of quantity of stock in
commercial warehouse of Japan from 1950 to 1968%. In this analysis, the final smoothed
time series composed by 3, 4, and 5 term moving median.

According to the statistics of the quantity of stock in commercial warehouse of Japan,
the time series of the quantity is a time series which has cyclical fluctuations——local in-
creasing and decreasing tendency——as shown in Tables 1, 2, and 3.

Tables 1 and 2 show the fact that the final smoothed time series composed by 3 term
moving median was found after the first calculation for smoothing and the final smoothed
time series composed by 5 term moving median was found after the second calculation for
smoothing.

In the final smoothed time series composed by 5 terms moving median, cyclical fluctua-
tions which were found in the original time series disappeared (Figure 7 (D)), while in the
final smoothed time series composed by 3 and 4 term moving medians (espetially, at the
beginning of these smoothed time series), weak cyclical fluctuations remained as shown in
Figures 7(B) and (C). The reason why cyclical fluctuations disappeared in the final smooth-
ed time series composed by 5 terms moving median is that the original time series had
cyclical fluctuations whose period was 5 years (Figure 7(A)).
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Table 2 The process of obtaining the final smoothed time series

composed by 5 term moving median

(million tons)

year

original value

calculation for smoothing

Ist 2nd 3rd
3.4 3.4 3.4 3.4
3.4 G4 (3.4) (3.4
1950 3.4 3.4 3.4 3.4
1951 3.4 3.4 3.4 3.4
1952 3.7 3.4 3.4 3.4
1953 3.5 3.4 3.4 3.4
1954 3.4 3.5 3.4 3.4
1955 3.0 3.5 4,0 4.0
1956 4,0 4.0 4,0 4.0
1957 4.9 4.8 4.8 4.8
1958 4.8 4.9 4.9 4,9
1959 5.0 50 5.0 5.0
1960 5.8 5.8 58 5.8
1961 6.5 5.8 5.8 5.8
1962 6.9 6.6 6.6 6.6
1963 6.6 6.9 6.9 6.9
1964 7.7 7.7 7.7 7.7
1965 8.2 8.2 8.2 8.2
1966 8.6 8.6 8.6 8.6
1967 10.0 10,0 10.0 10.0
1968 11.9 11.9 11.9 11.
(13.8) (13.8) (13.8) (13.8)
(15.2) (15.2) (15.2) (15.2)

Note : The values obtained by the 3rd calculation for smoothing is the final

smoothed time series.

Table 3 The process of obtaining the final smoothed time series

composed by 4 term moving median

final smoothed time series

year original value Average
Table 1 Table 2
1950 3.4 3.4 3.4 3. 40
1951 3.4 3.4 3.4 3.40
1952 3.7 3.5 3.4 3.45
1953 3.5 3.5 3.4 3.45
1954 3.4 3.4 3.4 3.40
1955 3.0 3.4 4.0 3.70
1956 4.0 4.0 4.0 4. 00
1957 4.9 4.8 4.8 4.80
1958 4.8 4.9 4.9 4.90
1959 5.0 5.0 5.0 5.00
1960 5.8 5.8 5.8 5. 80
1961 6.5 6.5 5.8 5. 80
1962 6.9 6.6 6.6 6. 60
1963 6.6 6.9 6.9 6. 90
1964 7.7 7.7 7.7 7.70
1965 8.2 8.2 8.2 8. 20
1966 8.6 8.6 8.6 8.60
1967 10.0 10.0 10.0 10. 00
1968 11.9 11.9 11.9 11.90

Note : The values of the time series found in the column of “Average” is the
average of the values of the final smoothed time series in Tables 1 and 2
and is the final smoothed time series composed by 4 term moving

median.
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Figure 7(A} The original time series to be smoothed.
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Figure 7(B) The final smoothed time series composed by 3 term moving median.
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7(C) The final smoothed time series composed by 4 term moving median.
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Figure 7(D) The final smoothed time series composed 5 term moving median.
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10. Conclusion

The purpose of this paper was to expand and generalize the Tukey’s method for
smoothing time series and to find a new generalized smoothing method.

According to the Tukey’s method, the final smoothed time series composed by 3 term
medians which is obtained by iterative calculation is stable, and the length of the smoothed
time series obtained is not shortened, namely, if the length of the original time series to be
smoothed is 7, then the length of smoothed time series is also 7. These characteristics of
the smoothed time series are very important.

The first characteristic of the smoothed time series——stability of the final smoothed
time series——is given by iterative application of moving median to the original time series
observed. And the second characteristic of the smoothed time series is given by application
of the end point rule to the time series to be smoothed.

In this paper, when I generalize the Tukey’s method, I tried to decompose the end point
rule into (1) exptrapolation rule and (2) smoothing rule and generalized these rules.

As the result of generalization of the extrapolation rule, three kinds of generalized
extrapolation rules, namely, (i) the generalized Tukey’s extrapolation rule, (ii) the median
extrapolation rule, and (iii) the median-trend extrapolation rule were obtained. Smoothing
rule was also generalized, and as the result of the generalization, generalized smoothing
rule was obtained. By combining each of the three kinds of generalized extrapolation
rules and generalized smoothing rule, three kinds of generalized end point rules, (i) the
generalized Tukey’s end point rule, (ii) the median end point rule, and (iii) the median-
trend end point rule were obtained. And, finaly, three kinds of generalized iterative
smoothing method, (i) the generalized Tukey’s method, (ii) the median method, and (iii)
the median-trend method were constructed by utilizing each of the three kinds of genera-
lized end point rules and generalized smoothing rule.

Incidentally, the three kinds of generalized iterative smoothing methods mentioned above
can be used only for obtaining a smoothed time series which is composed by 2r41 term
medians, since the generalized extrapolation rules or generalized end point rules and the
generalized smoothing rule can be used for obtaining 2z-+1 term median. But, in this paper,
a generalized iterative smoothing method which can be used for obtaining a smoothed series
which is composed by 2xn term medians was proposed.

From the application of the median-trend method, one of the generalized iterative smooth-
ing method, to an actual time series, I could find an example in which the cyclical fluctu-
ations of the original time series were cancelled out, when a smoothed time series which
was composed by 5 term medians was obtained. From this result, it is concluded that
the generalized iterative smoothing method proposed here is very effective to cancel out
cyclical fluctuation found in the original time series observed whose period is not 3.
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Notes

1) Tukey [27] pp. 204-264.

2) McNeil [17 p. 123.

3) Tukey [2] pp. 204-264, and, McNeil [ 1] p. 122,

4) McNeil [17 122.

5) When the “i” of the generalized Tukey’s method is 1, this method becomes the Tukey's
method. Therefore, it can be said that the Tukey’s method is a specific case of the generalized
Tukey’s method.

Incidentally, the deffinition of “mesa” is also, here, “a flat two point local maximum or minimum?”.

6) Unyu Sho [3] p. 90, and Unyu Sho (4] p. 80. The quantity of the stock in commercial were-

house is average of the quantity of the stock at the end of each month in a year.
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